The potential of topology optimization to amplify the benefits of additive manufacturing (AM), by fully exploiting the vast design space that AM allows, is widely recognized. However, existing topology optimization approaches do not consider AM-specific limitations during the design process, resulting in designs that are not self-supporting. This leads to additional effort and costs in postprocessing and use of sacrificial support structures. To overcome this difficulty, this paper presents a topology optimization formulation that includes a simplified AM fabrication model implemented as a layerwise filtering procedure.
steady pace [1, 2, 3] . Key advantages of AM compared to traditional manufacturing techniques are the enormous geometrical freedom it offers to designers, 5 combined with the fact that costs are nearly insensitive to geometrical complexity [4] . This offers opportunities to create highly optimized components where form follows functionality, without the restrictions imposed by conventional manufacturing processes. Capable design optimization tools therefore play an important role in realizing the benefits offered by the AM design free-10 dom [5] .
In this context, topology optimization (TO) has been universally recognized as a crucial design technology for AM. TO techniques can generate distributions of material that optimize certain performance criteria defined by the designer, even when an initial design concept is lacking. After its conception in the late 15 80's [6] , TO has developed at a rapid pace and continues to form an area of active research. In various branches of industry, TO is an established part of the design process [7, 8] . For an overview of the field, the reader is referred to recent reviews by Sigmund and Maute [9] and Deaton and Grandhi [10] .
While linking TO and AM has the potential to bring significant synergy be- 20 nefits, an important aspect is currently still missing. Present TO approaches are not tailored to the particular characteristics of AM processes [11] . A limitation encountered in many industrially relevant processes, e.g. SLM or EBM, is that the inclination of a downward facing surface (overhang) should remain above a critical value with respect to the baseplate. If this criterion is met everywhere 25 for a given part orientation, the part is said to be self-supporting in that orientation. This common AM limitation has been extensively characterized for various processes [12, 13, 14] , and the critical angle is typically found to be in the order of 45
• . If a part in its intended build direction contains regions with overhang angles below this critical value, it is not self-supporting and not 30 printable as-is. Consequently, either its geometry must be adjusted, or sacrificial support structures must be included during the build process, and removed afterwards by conventional machining. Both options have clear disadvantages:
modifying an optimized geometry inevitably will reduce its performance and may even render it infeasible, while printing and subsequent removal of support structures increases material, printing and post-processing costs. Efforts have been made to automate and/or optimize the addition of these support structures [15, 16, 17] , or to find the most economical sacrificial lattice structures, e.g. [18] . Still, instead of minimizing the symptoms caused by an unprintable design, a more desirable option is to address the actual cause. of overhanging sections in 2D designs generated by TO [19] , and suggest that this information can be included in the optimization process as an additional constraint. However, no follow-up work has been presented where this has been realized. As an alternative approach, Leary et al. (2014) proposed to augment the original optimized design with additional structures [20] , such that the final 50 geometry is fully self-supporting. An iterative procedure was developed to limit the amount of added material. In this case, the additional structures are not considered sacrificial parts that must be removed after printing, instead they are part of the final structure. While this approach is successful in generating (2D) self-supporting designs, the final part in general deviates from the ori-55 ginal optimized geometry. Recently, Gaynor and Guest (2014) have proposed a wedge-shaped spatial filter to control the boundary orientation of the design during TO [21] . However, the way the filter has been defined does not take into account the layerwise support conditions that must be considered in AM processes, which allows the optimization process to exploit configurations that are 60 not properly self-supporting. When the density average in the wedge exceeded a set threshold, the part above was considered to be properly supported. The published 2D results show that generated designs are indeed self-supporting to a degree, but by only introducing support requirements in an average sense, intermediate density material can readily be used by the optimizer to support fully 3 dense structures, which is undesirable. In summary, none of the reported approaches successfully achieved optimization of fully self-supporting structures, and in addition the existing work has focused on 2D problems only.
This paper presents a TO approach, compatible with the dominant densitybased formulation, that overcomes the problem of unprintable designs and the 70 associated inefficiencies. By including a simplified AM process model in the problem formulation, the overhang angle restriction that applies to the targeted AM processes is rigorously enforced at every step of the optimization process.
This is achieved by means of a layerwise applied spatial filter, simulating the printing of the part. The optimization is guided by the performance of the 75 resulting as-printed geometry, which leads to self-supporting, fully printable designs. In a preceding study, a 2D version of this AM filter was introduced and investigated [22] . This paper extends its formulation to the 3D case, and demonstrates its performance on a variety of commonly used 3D TO problems, for various build directions. The set of problems considered involves compliance 80 minimization, eigenfrequency maximization and compliant mechanism design.
The paper is organized as follows: Section 2 introduces the concept behind the proposed AM filter approach, and provides its mathematical formulation.
Sensitivity analysis is also discussed. Next, Section 3 defines the various test problems for which the effectiveness of the AM filter has been studied. Section 4 85 discusses the numerical results and actual designs obtained for all test problems, followed by discussion and concluding remarks, in Section 5 and Section 6, respectively.
Formulation

AM filter concept and formulation
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To take overhang limitations of AM processes into account during topology optimization, a layerwise filter operation is proposed that transforms a certain blueprint design layout into the printable geometry. In this way, the filter acts as a simplified process simulation. This AM filter is defined on a uniform regu-4 lar mesh, as is typically used in topology optimization in an early design stage.
As a consequence, the resolution of the AM process simulation matches that of the topology optimization design description. The actual AM resolution is usually higher, but regarding the overhang restriction, the design resolution is the limiting factor. For simplicity we consider a cuboid design domain discretized by n x × n y × n z cube-shaped finite elements, where the z-direction is the 100 printing direction. To specify a material distribution representing the design, every element in the mesh is associated with a blueprint density variable b (i,j,k) .
The indices indicate the position of each element, with the first layer on the baseplate having z-index k = 1. Our aim is to express the printed densities p (i,j,k) in terms of the blueprint densities.
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Only elements sufficiently supported by printed elements in the underlying layer can be printed. By definition, all elements supported by the baseplate (k = 1) can be printed. In subsequent layers, each element is associated with a supporting region S (i,j,k) , consisting of the element directly below the considered element, and the 4 direct neighbors thereof, see Fig. 1 . This choice is motivated
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by the fact that the critical self-supporting overhang angle for the considered processes typically amounts to 45
• [12, 13, 14] . In this simplified AM process model, we define that each printed density p (i,j,k) cannot be higher than the maximum printed density in its supporting region,p S :
At domain boundaries, supporting regions contain fewer than 5 elements, but 115 this is disregarded in the discussion for clarity. By sweeping through the domain from layer 1 to n z , the printed density field can be constructed.
The operation defined in Eq. 1 is not continuously differentiable due to the nonsmooth min and max operators. As the availability of gradient information is essential for efficient topology optimization, a differentiable version of Eq. 1 is proposed that employs the following smooth approximations:
Note that other smooth approximation choices are possible, yet these were found to yield the desired behavior [22] and have been used in this paper in all numerical examples. The parameters ε, P and Q control the smoothness and accuracy of these approximations. Smaller ε and larger P and Q values reduce approx-125 imation errors, but increase nonlinearity. In this paper the following default values are applied:
The parameter p 0 indicates the density value for which the smooth max operator
gives exact results for layers of uniform printed density, as can be verified by substitution in Eq. 3. For p 0 → 0, Q → P and the conventional P -norm is 130 retrieved, while choosing 0 < p 0 ≤ 1 introduces a slight penalization of the Pnorm approximation. This prevents overestimation of the support capacity of densities below p 0 , which effectively suppresses the formation of 'porous' support structures. Numerical tests indicate that using p 0 = 0.5 gives superior topology optimization results compared to the unaltered P -norm. For a more detailed 135 study and discussion of the effect these parameters, we refer to [22] .
Sensitivity analysis
After applying the AM filter, the printed density field p is obtained. The performance of this printed design is evaluated using e.g. finite element analysis.
For gradient-based optimization, sensitivities of each response f with respect 140 the blueprint variables b are required. Given sensitivities ∂f /∂p obtained by (adjoint) sensitivity analysis, the transformed sensitivities ∂f /∂b are given by:
Here subscripts are layer indices, and λ k denote layerwise multiplier fields introduced for the purpose of adjoint sensitivity analysis. The full derivation of these expressions is given in the Appendix. Given the mutual dependencies as 145 described by Eq. 6, the multipliers can be evaluated by sweeping through the domain in reverse printing direction, from the top layer to the base layer. Sensitivities ∂f /∂b subsequently follow from Eq. 5. [22] The base layer (k = 1) is treated separately: since by definition p 1 = b 1 , we find ∂f /∂b 1 = ∂f /∂p 1 .
The derivative ∂smin/∂p in Eq. 6 follows from differentiation of Eqs. 1, 2 and 150 3:
In the last expression, only printed densities p i that are located in the support region of the considered element give a contribution. Both sensitivity analysis and application of the AM filter itself do not involve intensive computations: in the 3D problems considered in this study, the total computational cost related 155 to the AM filter formed less than 1% of the cost of the entire optimization.
Test problems
The next subsections describe the test problems used to investigate and illustrate the performance of the proposed AM filter. They involve three standard problem types, typically encountered in practical applications of topology op- as:
Here K, u and f denote the finite element system stiffness matrix, displacement vector and load vector, respectively, and V and V max are the actual and allowed volume of the printed part. Note that compliance C and volume V are evaluated on the printed density field p, while the optimization process controls the blueprint field b. The transformation of these fields and the associated design 185 sensitivity information is governed by the procedures formulated in Section 2.
The sensitivity of the objective with respect to the printed density field p is given by:
The considered test problem consists of a cuboid domain meshed with 150×50×50
elements shown in Fig. 2 , with a 100 N total load distributed over the lower 190 front edge. All displacements at the back face of the domain (x = 0 plane) are suppressed. V max is chosen as 30% of the domain volume, and the filter radius is set to 1.5 times the element edge length.
Eigenfrequency maximization
When the dynamic performance of a component is of interest, an eigenfre-195 quency maximization can be performed. As a test problem we consider a simplified motion platform, used e.g. in high-speed positioning tasks in mechatronic systems. The design domain, meshed by 120×160×40 elements, is depicted in constraint, the second eigenfrequency should be kept a certain factor above the first. This problem can be stated as:
Here M denotes the mass matrix, v i and ω i are the i th eigenvector and angular eigenfrequency. The lowest two structural free vibration modes are considered, rigid body modes are removed using deflation. The sensitivity of a squared 205 eigenfrequency ω 2 i with respect to p is given by: ∂ω
For this problem, the initial design is a fully solid design domain. In our experience, this initial configuration often leads to better results in eigenfrequency problems, compared to starting with the allowed volume fraction. Furthermore, to suppress irrelevant low-frequency modes in void regions, in addition 
Compliant mechanism
The third problem type is a compliant gripper, as depicted in Fig. 4 . The The optimization problem for this compliant gripper is defined as:
Here l out is a sparse vector containing unity values at z-degrees of freedom in 235 the jaw region, such that the inner product l T out u 1 results in a measure of the desired motion. Maximum compliances C 2 , C 3 in loadcase 2 and 3 are chosen as 20 Nmm and 100 Nmm, respectively. The maximum volume V max is set to 20% of the design domain. The sensitivity of the objective with respect to the part design field p is given by:
Compliance sensitivities are analogous to Eq. 9.
Results
The following subsections present the results of various numerical test problems. In all optimizations, the gradient-based optimization algorithm Method of Moving Asymptotes [26] was used, and sufficient iterations were performed to at The first quantity indicates which fraction of a design is self-supporting, the second gives a (rough) indication of the amount of additional support material that a design would require.
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Adequately depicting three-dimensional results in a 2D medium poses a challenge. The discussion of the various cases highlights several particular aspects, but for a complete impression of the designs, the full 3D geometries are provided in U3D format as digital supplements to this article, as well as embedded in the digital document. If this design were to be printed, without the use of additional support material, the resulting part is shown in Fig. 7(a) . In this case, only 83% of the 280 full part volume is printable, and important load-bearing sections are removed or weakened. When using topology optimization with the proposed AM-filter, for this printing orientation a modified design is generated, depicted in Fig. 7(b) .
Compliance minimization
This design is fully printable without additional supports, i.e. its printable volume fraction is 100%. It can be seen that significant changes have occurred Beam designs for six baseplate orientations are depicted in Fig. 9 . In all cases 295 the default AM filter parameters have been used, except for the case where the baseplate corresponds to the x min plane, where p 0 = 0.1 was used. With the default p 0 = 0.5 value, the connection between support and load was lost in the first iterations, which prevented the optimizer from finding a suitable design.
It is clear that the optimized designs are affected by the selected printing ori-300 entation, and that the optimization process finds different, orientation-specific solutions to circumvent the AM manufacturing constraints imposed by the AM filter. To assess the printability of these designs, the printable volume of each individual design in all six orientations is reported in Table 1 the orientation for which it has been optimized. Also the infeasible overhanging surface fractions listed in Table 2 show minima at orientations corresponding to those used in the optimization. Fractions range from 0.02% to 0.92%, with the highest value seen in the y min orientation. Note also that the reference design is almost printable in the x min orientation, with an infeasible surface fraction of 310 only 1.79% and a printable volume fraction of 99%.
In addition, Table 2 lists the relative compliance achieved by the AMrestricted designs, compared to the reference design. This shows that in most orientations, designs reach compliance values near or even slightly superior to (i.e. lower than) the reference performance. In all cases, the volume constraint 315 was active. From this, we can conclude that the obtained reference design is a local optimum, as alternative designs (e.g. z min , z max ) show better performance.
Convergence to local optima is practically a certainty in 3D topology optimization, which concerns large-scale non-convex optimization problems [27] . In these z-orientation cases, the AM filter has triggered the optimization process to take 320 a different path through the design space, to arrive at superior local optima compared to the reference case.
Only in the y min and y max orientations, a noticeable 7% compliance deterior- 
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The higher infeasible overhanging surface fractions observed for y min and y max designs are also related to these support structures. This is seen in Fig. 10 , which depicts the facet angle distribution for the y min baseplate case. Red facets indicate shallower angles than the critical 45
• overhang angle. These infeasible facets occur predominantly between the connecting points of supporting struc-
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tures with the midsection of the beam, where transitions from +45
• to -45
• surfaces take place. By a combination of the isosurface extraction process, the finite mesh resolution, and the density filtering used to impose a length-scale on the problem, such sharp transitions cannot be resolved. This results in more gradual transitions in the extracted 3D geometry, where facets at the cusps ex- hibit infeasible orientations. This design could be adapted by sharpening these cusps to proper +45
• /-45 • transitions. Moreover, experiments show that small overhanging sections are in fact still printable [17, 14] . Since the infeasible facets in this design are localized, the part might even be printable without adaptation.
Platform eigenfrequency maximization
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Also for the motion platform a reference design is optimized, as well as a design where the AM filter is applied. We choose to consider only the z max baseplate case, as this forms the most natural part orientation given the nondesign solid plate on top of the domain. Fig. 11 depicts the obtained designs, and Table 3 and Table 4 list the printable volume fraction, infeasible angle   350 surface fraction, and relative performance, respectively. The design with AM restrictions has quite a different geometry and is 15% lighter compared to the reference case, but both designs achieve the same first eigenfrequency.
The printability indicators in Table 3 and the designs shown in Fig. 11 , both feature an additional hollow box attached to the given rectangular plate. This additional structure stiffens the plate and thereby increases its eigenfrequency. However, the reference design features 360 a much larger box than the AM-optimized design, with a large, unsupported closing plate parallel to the rectangular non-design plate. The AM-optimized design shows a central strut supporting a much smaller closing plate of the box when printing from the z max baseplate. The strut extends from the given rectangular plate and ends in a dome-like structure with +45
• /-45
• surfaces,
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that shows some similarity to structures seen in the midsection of the beam design optimized for y-oriented printing directions, see Fig. 10(c,d) . A difference in this eigenfrequency case is that central strut is likely to contribute to the overall performance, while those in Fig. 10 have no mechanical function but only serve to enable printing of the midsection of the beam. 
Compliant gripper design
To limit computational costs of the compliant gripper optimization, only a quarter of the full domain was used, implying twofold symmetry. Because of this choice, only the printing directions aligned with the x-axis are relevant. The resulting mechanisms without and with AM restrictions are depicted in Fig. 12 .
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All three designs have similar topologies, but differ in jaw and hinge shapes. Table 5 reports relative performance (jaw motion) and printability indicators.
It is seen that the x min design only reaches 61% of the reference jaw motion, but the x max design (Fig. 12(c) ) exceeds the reference performance by 7%. In terms of printability both designs optimized with the AM-filter show 100% printable 380 volume, but regarding the infeasible facet angle, the well-performing x max design shows a relatively high 2.3% surface fraction. Upon inspection, it turns out that mainly the slanted surfaces near the jaw area are recognized as infeasible, as shown in Fig. 13 . These facets have an inclination slightly below 45
• , there are no large deviations from the critical overhang angle as is also seen in the 385 angle histogram in Fig. 13 . When relaxing the critical angle to 44.9
• , the area fraction of infeasible facets reduces to only 0.21%. The slight deviation from 45
• may have been caused by the isosurface extraction post-processing step, but for all practical purposes this does not negatively affect the utility of the obtained gripper design. 
Influence of AM filter on printable designs
In some design cases, topology optimization without AM restrictions produces printable designs. In this section we investigate if the same designs are obtained when the AM filter is applied. To this end, compliance minimization of two short beam problems shown in Fig. 14 is considered. The load is distributed 395 over a square centered region, with an area of 4% of the front face. The design domain in Fig. 14(a) is clamped over its entire back face, while the domain in 
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This is likely to be the main reason behind the different outcomes. Fig. 15 , which shows the density distributions early in the optimization process for the free and AM-restricted optimization of the first short cantilever case, clearly illustrates the difference. In the free case ( Fig. 15(a) ), high-density elements (depicted in blue) can form without being supported by other high-density structures. In In both cases, a 30% volume constraint is used. Fig. 14(a) . In this view, the bottom face represents the baseplate. Blue elements have densities of 95% and higher, while the semi-transparent elements have at least 50% density.
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create properly supported features, as seen in Fig. 15(b) .
If the considered optimization problem was convex and its global optimum does not restrict the gradient-driven optimization process from converging to a well-performing solution.
Discussion
The preceding numerical examples demonstrate that, by including the proposed AM filter in conventional density-based topology optimization procedures, were local optima, and superior alternative optima were found for designs obtained in certain printing directions. It cannot be inferred that use of the AM filter will result in superior designs, but clearly it is not a priori certain that adding AM restrictions will significantly reduce performance.
While the examples show how the proposed AM filter can be applied success-
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fully, its limitations should also be noted. Firstly, the filter is defined on a regular grid, and only build orientations in principal directions can be considered.
Through a mapping procedure it can presumably be extended to unstructured meshes and arbitrary orientations, but this is yet to be developed. Secondly, on a mesh with cube-shaped elements, the critical overhang angle is fixed to 45
• .
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Although this is a commonly used angle, when needed it is easily modified by changing the aspect ratio of the elements. Thirdly, while it was not observed in the examples, enclosed holes may appear in the optimized designs, where powder would be trapped during the printing process. The AM filter does not prevent the formation of such holes. Possibly the approach recently proposed 470 by Liu et al. [28] can be combined with this filter to solve this problem.
Finally, a general limitation of the presented approach is that only a single build direction is considered, which cannot be altered during the optimization process. This places the responsibility on the designer to choose the most suitable orientation. While in practice there can be various reasons to prefer a 475 certain orientation (tolerances, surface finish, build height, etc.), it would be of interest to also optimize the build direction simultaneously with the part geometry.
Concluding remarks
This paper presents a method to generate fully self-supporting, optimized 480 part geometries in three dimensions. It combines established density-based topology optimization with a simplified AM process model, implemented as a layerwise nonlinear spatial filter defined on a uniform structured mesh. This formulation is able to rigorously exclude geometries from the design space that violate the overhang angle criteria typically encountered in AM processes. As 485 a result, optimized designs do not require additional sacrificial structures to support overhangs, which simplifies post-processing and reduces cost.
The method has been applied to typical 3D topology optimization test problems, and proved able to generate designs that suitably respected the specified critical overhang angle, for a specified build direction. The computational cost 490 of the additional AM filter operations proved negligible compared to the part analysis performed in each iteration. Also, it was observed that the use of the proposed AM restriction does not necessarily result in reduced performance.
On the contrary, in all cases part orientations could be identified, for which the AM-restrained design outperformed the design found through conventional process model is expected, to include other criteria besides overhang angles, e.g.
part distortion, residual stresses and overheating.
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Appendix: Sensitivity analysis
Here a condensed description of the adjoint sensitivity analysis of a response f with respect to blueprint density field b is given. Responses are computed on the basis of the printed density field p, where each layer p k depends on blueprint layer b k and underlying printed layer p k−1 . With Eq. 1, this relation is denoted by:
Sensitivities ∂f /∂p are computed via adjoint sensitivity analysis as discussed in Section 3. Next, we define the augumented responsef as:
with multiplier vectors λ k . For the first layer, since p 1 ≡ b 1 , we find ∂f /∂b 1 = 
∂smin ∂p k for 1 < k < n z , and λ T nz = ∂f /∂p nz . With this, computing consistent sensitivities ∂f /∂b reduces to the procedure described in Section 2.2.
